Abstract. We derive upper and lower bounds on the dimensions of trivariate spline spaces defined on tetrahedral partitions. The results hold for general partitions, and for all degrees of smoothness r and polynomial degrees d.
§1. Introduction
Suppose △ is a finite collection of nondegenerate tetrahedra such that if any two tetrahedra in △ intersect, then their intersection is exactly one vertex, one edge, or one face. Then we call △ a tetrahedral partition of the set Ω, where Ω is the union of all tetrahedra in △. This definition of a tetrahedral partition allows Ω to have holes and cavities as well as pinch points where just two tetrahedra meet in a single point.
Given 0 ≤ r ≤ d, let P d be the d+3 3 -dimensional space of trivariate polynomials of degree d. In this paper we study the space S r d (△) = {s ∈ C r (Ω) : s| T ∈ P d , for all T ∈ △} of trivariate splines of smoothness r and degree d associated with △. Here the condition s ∈ C r (Ω) means that s belongs to C r (v) for every point v ∈ Ω, i.e., if v is contained in the tetrahedra T 1 , . . . , T m , then all of the polynomials s| T 1 , . . . , s| T m have common derivatives up to order r at v.
Trivariate splines are important tools in approximation theory and numerical analysis, and have attracted considerable interest in the past few years, see [3] and references therein.
Clearly S tetrahedra are connected to each other, but also on the precise location of the vertices. In general, an arbitrarily small change of the location of the vertices can change the dimension of S r d (△). The dimension of S r d (△) can be trivially determined when r = 0 or when r = d, see Remark 1. Our aim in this paper is to establish upper and lower bounds on the dimension of S r d (△) for all choices of 0 < r < d, and for arbitrary tetrahedral partitions. Our bounds will depend on d and r, and also on the nature of △, but not on the precise locations of the vertices.
The paper is organized as follows. In Section 2 we describe how completely general tetrahedral partitions can be built inductively using 28 specific types of assembly steps. In Section 3 we show that lower and upper bounds on the dimension of S r d (△) for arbitrary 0 < r < d and arbitrary △ can be given in terms of lower and upper bounds ℓ i , u i on how much the dimension of a spline space changes when we add just one tetrahedron using assembly step i to an existing tetrahedral partition. Section 4 is devoted to a review of basic Bernstein-Bézier theory, while in the following section we present several formulae for counting certain sets of domain points. In Section 6 we derive explicit formulae for suitable ℓ i and u i in terms of r and d. In Section 7 we show that our lower and upper bounds take a strikingly simple form in the special case where the partition △ is shellable. Several numerical examples illustrating our bounds are given in Section 8. We conclude the paper with remarks and references. §2. Tetrahedral Partitions
Every tetrahedral partition △ consisting of N tetrahedra can be assembled in N steps, starting with a single tetrahedron, and adding one additional tetrahedron in each subsequent step. Generally, there will be many different ways to assemble a given partition, and we will see later that the order in which the tetrahedra are added will affect our bounds on the dimension of the associated spline spaces.
For our purposes, we need to identify and classify the different ways in which a tetrahedron can be added to a partially completed partition in order to build a partition △. There are twenty-eight types of assembly steps, which we number as in Tab. 1. For example, simply adding one tetrahedron that doesn't touch any existing tetrahedron at all is classified as type 0. Adding a tetrahedron that touches the existing partition at one vertex only is classified as type 1. A step of type 27 corresponds to adding a tetrahedron that touches the existing partition along exactly one face and also at the opposite vertex. The last column in the table is designed to help visualize these steps. In particular, assuming the tetrahedron being added is T := v 1 , v 2 , v 3 , v 4 , this column lists the vertices, edges, and faces of T where T touches the existing partition. Here e ij denotes the edge v i , v j , and f ijk denotes the face v i , v j , v k .
These twenty-eight types of assembly steps allow the step-wise construction of completely general tetrahedral partitions. However, most partitions likely to be used in practice, including those with holes and cavities, can be built with only a few of these steps, see Remark 4. 3 . To get bounds on the dimension of S r d (△) on an arbitrary tetrahedral partition △, we proceed by induction. Suppose △ can be obtained from a tetrahedral partition△ by adding one tetrahedron T . To get bounds on S r d (△), we need to account for how the dimension changes as we add T to△. Clearly, this will depend on how T joins△, i.e., to which of the 28 classes identified in the previous section it belongs. For each 0 ≤ i ≤ 27, let ℓ i and u i be such that
, whenever T is of type i. We now establish the key inequalities. Theorem 3.1. Fix 0 < r < d, and suppose △ is a tetrahedral partition that can be built inductively using τ i assembly steps involving tetrahedra of type i for
where
Proof: Let T 1 , . . . , T N be a numbering of the tetrahedra in the order that they are added in building △. The spline space S r d (△) restricted to the single tetrahedron T 1 has dimension ℓ 0 = u 0 = d+3 3 . Now each time we add a tetrahedron of type i, the dimension changes by an amount δ i satisfying ℓ i ≤ δ i ≤ u i . Summing gives the formulae for L(r, d) and U (r, d), where for L(r, d) we have taken the maximum with
Formulae for the ℓ i and u i will be derived in Sect. 6 below. We refer to the τ i as the assembly parameters of △. In general they are not uniquely determined. A given tetrahedral partition can usually be built in many different ways, leading to different bounds. We give an example to illustrate this in Sect. 8, which also contains several other numerical examples illustrating Theorem 3.1. §4. Bernstein-Bézier Methods Our analysis of the dimension of S r d (△) is based on well-known Bernstein-Bézier techniques, see [3] and references therein. For convenience, we review some of the basic ideas and notation. Suppose T := v 1 , v 2 , v 3 , v 4 is a tetrahedron with vertices v 1 , v 2 , v 3 , v 4 . The key fact is that every polynomial p ∈ P d has a unique Bernstein-Bézier representation of the form
where B ijkl are the Bernstein basis polynomials of degree d associated with T . It is standard practice to associate each coefficient c ijkl with a corresponding domain point
Given r ≥ 0, we often work with the following subsets of domain points:
• ball of radius r around v 1 :
• tube of radius r around e := v i , v j : t r (e) := {ξ ijkl :
Analogous sets can be defined in the same way for the other vertices, edges, and faces. One of the reasons that the Bernstein-Bézier representation is so useful is that it provides a simple way to describe when two polynomials defined on tetrahedra T := v 1 , v 2 , v 3 , v 4 and T := v 5 , v 2 , v 3 , v 4 sharing the face F := v 2 , v 3 , v 4 join with C r smoothness. The condition is that
for m = 0, . . . , r, where {c ijkl } i+j+k+l=d and {c ijkl } i+j+k+l=d are the B-coefficients of p andp relative to T and T , respectively. We refer to the domain pointξ mijk corresponding to the coefficientc mijk on the left in (4.1) as the tip of the smoothness condition. It is clear from (4.1) that the conditions for two polynomials to join with C r smoothness across a common face involve only coefficients corresponding to domain points in the r-slabs containing F in both T and T . §5. Formulae for Intersections of Balls, Tubes, and Slabs
In this section we provide formulae for the sizes of various subsets of domain points. They are used in the following section to derive formulae for the expressions ℓ i and u i appearing in Theorem 3.1. Given 0 ≤ r < d, let 
= the number of points in t r (e), where e is an edge of T , • m 2t (r, d) := the number of points in t r (e 1 ) ∩ t r (e 2 ), where e 1 , e 2 are edges of T sharing a vertex v, • m to (r, d) := the number of points in t r (e 1 ) ∩ t r (e 2 ), where e 1 , e 2 are edges of T not sharing any vertex, • m 3t (r, d) := the number of points in t r (e 1 ) ∩ t r (e 2 ) ∩ t r (e 3 ), where e 1 , e 2 , e 3 are edges of T sharing a vertex v of T , • m 3tf (r, d) := the number of points in t r (e 1 ) ∩ t r (e 2 ) ∩ t r (e 3 ), where e 1 , e 2 , e 3 are edges of T lying in one face, • m 3tp (r, d) := the number of points in t r (e 1 ) ∩ t r (e 2 ) ∩ t r (e 3 ), where e 1 , e 2 , e 3 are edges of T forming a path, i.e., not all lying on one face and not all sharing a single vertex,
• m 4tl (r, d) := the number of points in t r (e 1 ) ∩ t r (e 2 ) ∩ t r (e 3 ) ∩ t r (e 4 ), where e 1 , . . . , e 4 are edges of T forming a loop, i.e., such that no three of the edges share a single vertex, • m tb (r, d) := the number of points in t r (e) ∩ B r (v), where e is an edge of T and v is a vertex not contained in e, • m t2b (r, d) := the number of points in t r (e) ∩ B r (v) ∩ B r (w), where e is an edge of T and v, w are vertices not contained in e, • m 2tb (r, d) := the number of points in t r (e 1 ) ∩ t r (e 2 ) ∩ B r (v), where e 1 , e 2 are edges of T and v is a vertex not contained in either edge, • m ts (r, d) := the number of points in t r (e) ∩ G r (F ), where e is an edge of T not lying in the face F . We now derive formulae for all of these expressions.
Proof: The formula for n r , m 2b , m 3b , m 4b and m s can be obtained by inspection. We now consider the other cases individually. m 2t : To get the formula for m 2t , note that the ball of radius r around v is in both tubes, which accounts for the term m 3tp : For each 0 ≤ i, j ≤ 4, let t ij be the tube along edge e ij := v i , v j . We suppose the edges forming the path are e 12 , e 23 , e 34 , and consider the three tubes t 12 , t 23 , and t 34 . We need to count the number of 4-tuples (i, j, k, l) of nonnegative integers that satisfy
These inequalities imply that i + j ≤ r and k + l ≤ r. It is convenient to use the substitution µ = i, ν = i + j, and κ = i + j + k. Then, according to the above inequalities, admissible values of ν range from d − r to r, and admissible values of µ range from 0 to ν. 
. Summing over ℓ and changing the index gives the stated formula.
m ts : Let v be the vertex opposite the slab. For each 0 ≤ ν ≤ r, the number of points in the intersection and lying on the shell
, and the formula follows. Suppose △ is a tetrahedral partition that can be obtained from a tetrahedral partition△ by adding one tetrahedron T . In this section we give upper and lower bounds u i and ℓ i on the change in dimension
when T is of type i, 0 ≤ i ≤ 27, according to the classification scheme of Sect. 3. Note that δ i can be negative in some cases.
Suppose s ∈ S r d (△) and that we already know the coefficients of s corresponding to domain points in△. If T touches△ at a vertex v, then the C r smoothness at v imposes n r conditions on the coefficients of s associated with domain points in B r (v). Similarly, if T touches△ along an edge e, then the C r smoothness along e imposes m 1t conditions on the coefficients in the tube t r (e). If T touches△ along a face F , then the C r smoothness across F imposes m s conditions on the coefficients in the slab G r (F ). Recall that
is the number of coefficients of s| T . To get a lower bound ℓ i for δ i , we can take n d −n cond , where n cond is the number of conditions on s| T imposed by the fact that T joins with△ with C r smoothness. However, some of these conditions may be redundant in the sense that one or more of them are automatically satisfied whenever the others are satisfied. Removing as many redundant conditions as possible leads to a better lower bound. There are two situations where we know that conditions on a coefficient c ξ are redundant: 1) ξ ∈ B r (v), where v is contained in more than one of the edges or faces where T touches△. There is one smoothness condition associated with each such edge or face, but we need only count one of them as the rest are redundant. 2) ξ ∈ t r (e), where e is contained in more than one of the faces where T touches △. There is one smoothness condition associated with each such face, but we need only count one of them as the rest are redundant.
Note that ℓ i computed in this way can be negative as well as nonnegative. The change in dimension δ i is equal to the number of coefficients of s| T that can be set to arbitrary values while maintaining all smoothness conditions. Such coefficients cannot correspond to domain points which are tips of any smoothness condition. We call such points constrained points. Thus, as an upper bound we can take u i = n d − n tips , where n tips is the number of points in T that are constrained. While counting unconstrained points seems like a straightforward process, it is complicated in some cases due to the fact that balls, tubes, and slabs can intersect in various ways depending on r, d and the class to which T belongs. Note that u i computed in this way is nonnegative for all 0 ≤ i ≤ 27.
In terms of the notation of the previous section, the number of domain points 6: (T touches△ along two edges e 1 , e 2 that do not share a vertex). There are m 1t smoothness conditions associated with each of these edges, and the lower bound follows. The number of points in t r (e 1 ) ∪ t r (e 2 ) is 2m 1t − m to , where the term m to takes account of the fact that the tubes can intersect when d ≤ 2r. This gives the upper bound.
7: (T touches△ along two edges e 1 and e 2 that share a vertex v). There are m 1t smoothness conditions associated with each of these edges. However, since both tubes contain B r (v), n r of these conditions are redundant, and the lower bound follows. The number of points in t r (e 1 ) ∪ t r (e 2 ) is 2m 1t − m 2t , and the upper bound follows.
8: (T touches△ along three edges e 1 , e 2 , e 3 forming a path). There are m 1t smoothness conditions associated with each of these edges. However, since the first two tubes t r (e) both contain B r (v 1 ), n r of the conditions with tips in B r (v 1 ) are redundant. Similarly, n r of the conditions with tips in B r (v 2 ) are redundant, and the
Tab. 2. Formulae for ℓ i and u i .
lower bound follows. The upper bound follows from the fact that the number of points in t r (e 1 ) ∪ t r (e 2 ) ∪ t r (e 3 ) is 3m 1t − 2m 2t − m to + m 3tp , as can be seen by a careful examination of a Venn diagram.
9: (T touches△ along three edges e 1 , e 2 , e 3 sharing a vertex v). There are m 1t smoothness conditions associated with each of these edges. However, since all three tubes contain B r (v), 2n r of these conditions are redundant, and the lower bound follows. The upper bound follows from the fact that the number of points in the intersection of all three tubes is 3m 1t − 3m 2t + m 3t .
10: (T touches△ along three edges e 1 , e 2 , e 3 on one face). The three 2-partial tubes contain 3(m 1t −2n r +m 2b ) points. The three balls contain 3n r −3m 2b +m 3b points, cf. the argument for the upper bound in case 3. Thus, there are at most 3m 1t −3n r + m 3b , nonredundant smoothness conditions, and the lower bound follows. The upper bound follows from the fact that the number of points in t r (e 1 ) ∪ t r (e 2 ) ∪ t r (e 3 ) is 3m 1t − 3m 2t + m 3tf .
11: (T touches△ along four edges e 1 , . . . , e 4 forming a loop). Given a domain point ξ in T , let b(ξ) and t(ξ) be the number of balls B r (v i ) and tubes t r (e i ), 1 ≤ i ≤ 4, that contain ξ. Suppose ξ is not in the intersection of all four balls. Then the coefficient associated with the point ξ is subject to t(ξ) conditions, but b(ξ) of them are redundant, and thus the change in dimension corresponding to this point is bounded below by 1 − t(ξ) + b(ξ). Points that are in all four balls are also in all four tubes. The associated coefficients are subject to four conditions, but three of them are redundant, and thus there is no change in dimension. It follows that a lower bound for the change in dimension when we add T to△ is given by
To get the upper bound, we need to count the number of points in Γ := ∪ 12: (T touches△ along four edges e 1 , . . . , e 4 not forming a loop). Three of these edges lie on one face F . Let v 1 , v 2 , v 3 be the vertices on this face, and suppose v 3 is the vertex where three of the touching edges meet. There are m 1t − 2n r + m 2b points in each of the three 2-partial tubes along the edges of F . In addition, there are m 1t − n r points in the 1-partial tube along the fourth edge. There are 3n r −3m 2b +m 3b points in the three balls around the vertices of F , cf. the argument for the upper bound in case 3. Thus, the total number of nonredundant smoothness conditions is at most 4m 1t − 4n r + m 3b , and the lower bound follows. To get the upper bound, we count the number of points in Γ := ∪ 4 i=1 t r (e i ). It is easy to see that when d ≤ 2r, Γ contains all points in T , and so u 12 = 0. Suppose now d > 2r. In this case m 3tp = m to = 0. Looking at a Venn diagram, we see there are five pairs of neighboring tubes intersecting in m 2t points, and one pair of opposite tubes intersecting in m to points. There is one set of three tubes intersecting in m 3tf points, one set of three tubes meeting at v 3 intersecting in m 3t points, and 2 pairs of three tubes forming paths such that each pair intersects in m 3tp points. The intersection of all four tubes is empty. It follows that the number of points in Γ is 4m 1t − 5m 2t + m 3t + m 3tf . This gives the upper bound.
13: (T touches△ along five edges e 1 , . . . , e 5 ). Let v 1 , v 2 be the vertices where three of these edges meet, and e 34 the single non-touching edge. Then two of the touching edges meet at v 3 , and two meet at v 4 . Each of the five 2-partial tubes contains m 1t − 2n r + m 2b points. As discussed in case 3, B r (v 1 ) ∪ B r (v 2 ) ∪ B r (v 3 ) contains 3n r − 3m 2b + m 3b points. There are n r − 2m 2b + m 3b points in B r (v 4 ) but not in the balls B r (v 1 ) or B r (v 2 ). We conclude that the total number of nonredundant smoothness conditions is at most 5m 1t − 6n r + 2m 3b , and the lower bound follows. To get the upper bound, we count the number of points in Γ := ∪ 5 i=1 t r (e i ). It is easy to see that Γ contains all the points of T when d ≤ 2r, and so u 13 = 0. Suppose now d > 2r. In this case m 3tp = m to = 0. Looking at a Venn diagram, we see that there are eight pairs of neighboring tubes intersecting in m 2t points, and two pairs of opposite tubes intersecting in m to = 0 points. There are 2 sets of three tubes intersecting in m 3tf points and 2 sets of three tubes intersecting in m 3t points. The remaining 6 intersecting sets of triples of three tubes each contain m 3tp = 0 points. There are 6 sets where four tubes intersect, but the intersections are all empty since opposite tubes don't overlap. It follows that the number of constrained points is 5m 1t − 8m 2t + 2m 3tf + 2m 3t . This gives the upper bound.
14: (T touches△ along six edges). There are m 1t − 2n r + m 2b points in each of the six 2-partial tubes around the edges. In addition, there are 4n r −6m 2b +4m 3b −m 4b points in the four balls, cf. the discussion of the upper bound in case 4. Thus, the total number of nonredundant smoothness conditions is at most 6m 1t − 8n r + 4m 3b − m 4b , and the lower bound follows. To get the upper bound, we count the number of points in the union Γ of the tubes around the six edges. It is easy to see that Γ contains all the points of T when d ≤ 2r, and so u 14 = 0. Suppose now d > 2r. In this case m 3tp = m to = 0. There are 15 pairs of intersecting tubes. Twelve of these intersect in m 2t points, and the other three intersect in m to points. There are 20 sets of intersections of three tubes. Four of these contain m 3tf points, four of them contain m 3t points, and the remaining 12 contain m 3tp = 0 points. There are 6 sets where four tubes intersect, but the intersections are all empty since opposite tubes don't overlap. It follows that the number of points in Γ is 6m 1t − 12m 2t + 4m 3t + 4m 3tf . This gives the upper bound.
15: (T touches△ on one edge e and at a vertex v not on e). Clearly the number of nonredundant smoothness conditions is at most m 1t + n r , and the lower bound follows. The upper bound follows from the fact that there are m 1t + n r − m tb points in t r (e) ∪ B r (v).
16: (T touches△ on one edge e and at two vertices v 1 , v 2 not on e). The number of smoothness conditions with tips in T is m 1t + 2n r , and the lower bound follows. Examining a Venn diagram, we see that there are m 1t + 2n r − 2m tb − m 2b + m t2b points in t r (e) ∪ B r (v 1 ) ∪ B r (v 2 ), and the upper bound follows.
17: (T touches△ on two edges e 1 , e 2 and at a vertex v not on those edges). Clearly the number of nonredundant smoothness conditions is at most 2m 1t − n r + n r = 2m 1t , and the lower bound follows. The upper bound follows from the fact that there are 2m 1t + n r − 2m tb − m 2t + m 2tb points in t r (e 1 ) ∪ t r (e 2 ) ∪ B r (v).
18: (T touches△ on three edges e 1 , e 2 , e 3 and at a vertex v not on those edges). The number of nonredundant smoothness conditions associated with the three tubes is at most 3m 1t − 3n r + m 3b , cf. the discussion of case 10. Adding the n r conditions associated with B r (v) leads to the lower bound. To get the upper bound we first notice that are 3m 1t − 3m 2t + m 3tf points in Λ := t r (e 1 ) ∪ t r (e 2 ) ∪ t r (e 3 ), cf. the upper bound in case 10. There are n r points in the ball B r (v). However, if d ≤ 2r, the ball B r (v) intersects Λ creating three smaller tubes of radius 2r−d. The number of points in these tubes is 3m 1t − 3m 2t +m 3tf , and the upper bound follows.
19: (T touches△ on one face F and one edge e not in the face). The number of nonredundant smoothness conditions is at most m s + m 1t − n r , and the lower bound follows. To get the upper bound, we observe that the number of points in G r (F ) ∪ t r (e) is m s + m 1t − m ts . 20: (T touches△ on one face F and two edges e 1 , e 2 not in the face). Let e 3 be the edge lying on the same face as e 1 and e 2 . The number of nonredundant smoothness conditions in the three tubes surrounding the edges e 1 , e 2 , e 3 is 3m 1t − 3n r + m 3b , cf. the lower bound for case 10. The number of nonredundant smoothness conditions in the slab G r (F ) but not in the tube t r (e 3 ) is m s − m 1t . Thus, the total number of nonredundant smoothness conditions is at most m s + 2m 1t − 3n r + m 3b , and the lower bound follows. Let Γ be the union of the slab G r (F ) with the tubes around the two edges e 1 , e 2 . It is easy to see that Γ contains all points of T when d ≤ 2r, and so u 20 = 0 in this case. Now suppose d > 2r. In this case there are m s constrained points in the slab G r (F ). The set of domain points resulting from cutting off the slab can be considered as corresponding to a polynomial of degree d − r − 1. Referring to case 7, the number of points in the two tubes sharing the vertex v 4 is 2m 1t −m 2t . The upper bound follows.
21: (T touches△ on one face F and three edges e 1 , e 2 , e 3 not in the face). To count nonredundant smoothness conditions, we note that T touches on all six edges. By case 14, the number of nonredundant smoothness conditions associated with these edges is at most 6m 1t −8n r +4m 3b −m 4b . The number of nonredundant smoothness conditions associated with points in the slab G r (F ) but not in the tubes around the three edges of F is m s −(3m 1t −3n r +m 3b ). Thus the total number of nonredundant smoothness conditions is at most m s + 3m 1t − 5n r + 3m 3b − m 4b , and the lower bound follows. Let Γ := G r (F ) ∪ t r (e 1 ) ∪ t r (e 2 ) ∪ t r (e 3 ). It is easy to see that Γ contains all points of T when d ≤ 2r, and so u 21 = 0 in this case. Suppose now d > 2r. Then the number of points in the slab G r (F ) is m s , while the number of points in the rest of Γ is 3m 1t − 3m 2t +m 3t , cf. case 9. This leads immediately to the upper bound.
22: (T touches△ on two faces F 1 , F 2 and one edge e not in either face). If d > 2r, then the number of nonredundant conditions with tips in the two slabs is 2m s −m 1t , while the number of nonredundant conditions with tips in the tube t r (e) is at most m 1t −2n r +m 2b . The lower bound follows since m 2t2b = 0 in this case. Now suppose d ≤ 2r and that e := v 3 , v 4 is the edge between the two faces. In this case we have counted each point ξ in B r (v 1 ) ∩ B r (v 2 ) \ t r (e) twice, but the two smoothness conditions with tip at ξ are are consistent because they are associated with the tube t r (e). Thus in this case we have to adjust the lower bound by adding m 2t2b . It is easy to check that the upper bound is zero whenever d ≤ 3r. Suppose now d > 3r. Let T be the tetrahedron obtained by stripping off two slabs of size r from T . Clearly, T contains n d−2r−2 points. The number of points lying in the tube of radius r around the edge e ∩ T is m 1t − 2m ts , and the upper bound follows.
24: (T touches△ on two faces). The number of nonredundant smoothness conditions in the slabs associated with the two faces is 2m s − m 1t , and the lower bound follows. Since all points in these two slabs are constrained, it is clear that the number of unconstrained points is equal to the number of points in the tetrahedron that is obtained by slicing off the two slabs, namely n d−2r−2 .
25: (T touches△ on three faces F 1 , F 2 , F 3 ). Let v be the vertex opposite the nontouching face, and let e 1 , e 2 , e 3 be the three edges meeting at v. The number of points contained in T but not in the tubes around these edges is u 9 = n d − 3m 1t + 3m 2t − m 3t . The number of points in one of the three slabs G r (F i ) but not in the tubes is m s − 2m 1t + m 2t . Multiplying the latter by three and subtracting gives the lower bound. The upper bound follows as in the previous case by removing three slabs.
26: (T touches△ on four faces). Consider first the case where d ≤ 2r. In this case the number of constrained points is n d , and so the upper bound is 0. To get the lower bound, we subtract the number of smoothness conditions with tips outside the tubes around edges of T from the number of unconstrained points (which is 0). For each face, the number of smoothness conditions outside the three tubes around the edges of that face is m s − (3m 1t − 3m 2t + m 3tf ), cf. case 9, and the lower bound follows. Now suppose d > 2r. In this case the number of points contained in T but not in the six tubes is u 14 = n d − 6m 1t + 12m 2t − 4m 3t − 4m 3tf . The number of points in each of the four slabs but not in the tubes is m s − 3m 1t + 3m 2t − m 3tf . Multiplying the latter by four and subtracting gives the lower bound. To get the upper bound we strip off four slabs. §7. The Case Where △ Is Shellable A tetrahedral partition △ is called shellable provided it consists of a single tetrahedron, or can be obtained from a shellable tetrahedral partition△ by adding one tetrahedron T such that T intersects△ precisely along one, two, or three triangular faces. In this section we show that if △ is shellable, then there are simple formulae for the bounds on dim S Theorem 7.1. Suppose △ is a shellable tetrahedral partition. Then for every
Proof: If △ is shellable, then it can be assembled using only steps of types 0, 23, 24, and 25. Clearly, τ 0 = 1. We get a new interior vertex each time we carry out step 25, and thus V I = τ 25 . We get new interior edges each time we carry out steps of types 24 and 25, and so E I = τ 24 +3τ 25 . Similarly, F I = τ 23 +2τ 24 +3τ 25 . Solving these equations for the assembly parameters, we find that τ 23 = F I − 2E I + 3V I , τ 24 = E I −3V I , and τ 25 = V I . Referring to Tab. 2 and using the fact that n d −m s = n d−r−1 , the formulae (7.1) follows immediately from Theorem 3.1. §8. Numerical Examples
We have extensively tested and evaluated our bounds using a java program which is capable of computing the exact dimension, see Remark 6. In this section we describe the results of a few of our tests. Our first example shows that (at least for a range of r and d), our lower bounds cannot be improved.
Example 8.1. For each 0 ≤ i ≤ 27, let △ i be the smallest tetrahedral partition such that to build △ i we use an assembly step of type i as the last step.
Discussion: The △ i are actually quite small. For example, for i = 1, . . . , 4, △ i consists of just i + 1 tetrahedra. The cases i = 4 and i = 5 require just two and three tetrahedra, respectively. For each r = 1, . . . , 6 and d = r + 1, . . . , 4r + 1, we computed the change in dimension due to the last step. In all cases it turns out that ℓ i = δ i . As a check on our upper bounds, we also directly counted the number of unconstrained points.
Our next example shows that in general the bounds in Theorem 3.1 depend on the order in which the tetrahedral partition is assembled.
Example 8.2. Let △ be the partition described in Tab. 3.
Discussion: This partition is obtained by splitting a given tetrahedron into 15 subtetrahedra. It is the trivariate analog of the well-known Morgan-Scott split of a triangle, see [5] . The table lists The column labeled gendim gives the corresponding results for a generic partition obtained by perturbing each of the vertices slightly. We give two sets of upper and lower bounds. The columns labeled L 1 (r, d) and U 1 (r, d) correspond to an assembly scheme for which τ 0 = τ 5 = τ 7 = τ 10 = τ 26 = 1, τ 24 = 6, and τ 25 = 4.
The columns labeled L 2 (r, d) and U 2 (r, d) correspond to an assembly scheme for which τ 0 = 1, τ 23 = 4, τ 24 = 6, and τ 25 = 4. The 2) the triangles of t 1 do not touch those in t 2 .
In [3] , a tetrahedral partition △ is said to be regular provided that one of the following holds:
1) △ is shellable, or 2) △ can be obtained from a regular tetrahedral partition by creating a regular hole or a regular cavity.
This definition is general enough to include all of the tetrahedral partitions typically used in practice. We conjecture that regular partitions can be built using only assembly steps of types 0, 23, 24, 25, and 27. , and thus can be considered to be asymptotically optimal. To see this, we note that the upper bound is U (r, d) = n d −n tips , where n tips is the number of points that are tips of smoothness conditions. By the discussion in Sect. 6, L(r, d) ≥ n d − n cond , where n cond is the number of conditions imposed by smoothness. Thus U (r, d)−L(r, d) ≥ n cond −n tips . When d > 2r, a point can be the tip of more than one smoothness condition only if it lies in a tube t r (e) around an edge of △, and it follows that n cond − n tips = O(d). This proves the claim.
Remark 6. The java software that we used for testing our bounds is available at http://www.math.utah.edu/˜pa/3DMDS/. It can be used as an applet directly from the web page, or can be downloaded and used offline. for tetrahedral partitions of simply connected domains. His lower bound differs from our lower bound in Theorem 7.1 in two ways. First, it is missing the term involving V I , and thus is generally much too low. For example, for the partition of Example 8.2 and for the range of r and d shown in Tab. 4, it gives negative numbers for almost all cases. On the other hand, his bound contains an additional nonnegative term which takes account of the geometry of faces surrounding interior edges. We have not attempted to take account of geometry here.
